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Revision of Solving Polynomial Equations

(i) “one termin x”

Examples
Solve:
2—-7x=12 4% =16 17?)(—5:12
“ et X* =4 17x
(@] -7x=10 o)y~ _|© — =17
10 x=34 >
x=—7 ¥ ~1.59 17x =51
X=3

(i)  “more than one term in x”

Method:
1) Get the right hand side to equal zero ( = 0)
2) Eliminate all denominators (where necessary)
3) Factorise Left Hand Side
4) Use Null Factor Law (NFL)

Factorising
« Quadratic (ax* +bx+c)

o If b®—4ac (the discriminant, A) is:
= Perfect square, use “criss-cross”
= Not a perfect square, but positive use the quadratic formula,

2
y = —PEVb” —4ac A <0, no solutions

a 2a A =0, 1 solution
= Negative, NO REAL solution A >0, 2 solutions

e Cubic (ax® +bx* +cx+d)
o Use grouping (if possible)
o Factor theorem and long division

« Quartic (ax* +bx® +cx® +dx+e)
o Use substitution, eg let a = x*
o Factor theorem



Examples:
Solve the following for x:

3x*-7x+2=0
3X 21
X 1 2
1)|(83x-1)(x-2)=0
3x=1=0 or x-2=0
3x=1 X=2
1
3

X =

2)

X +4x* =6-x
x> +4x* +x-6=0
Let P(x)=x>+4x>+x-6
PO =0°+41)*+(1)-6=0
- (x=1)is a factor of P(x)
Long division

X2 +5X +6
x—l>x3+4x2+x—6

_(X3 _XZ)
5X* + X
— (5x* —5x)

6X+6

—(6x+6)

0
(X=1)(x* +5x+6)=0
(X=-D(x+2)(x+3)=0

Xx=-3-2,1

(3x+2)* +12(3x+2)-13=0
Leta=3x+2
a’+12a-13=0
(a+13)(a-1)=0
3) a=-13ora=1

3x=-15

X=-5

=>3Xx+2=-130r3x+2=1

x=-1

X=—
3




x* —2x*+1=0
Let a=x* —
) X*+X°—4x-4=0
a’-2a+1=0 )
) X“(x+1)—-4(x+1) =0
(-1 = (x+1)(x? —4) =0
4) a-1=0 5) ,
a=1 X*=4=0 or x+1=0
2— _-—
X =22
X =+/1
Xx==1
i)  Iteration

Use iteration to find the solutions to correct to 1 decimal point.

Let:P(x)=x*-x—-5 P =-5 PQ=-5 P(2)=-3 P(3) =1 P(-)=-3 P(-2)=1
therefore solutions close to 3 & — 2
try P(27)=-041 P(28)=0.04 = x=28 is a solution told.p.

try P(-1.7)=-041 P(-18)=0.04 = x=-18 is a solution told.p.

o Questions: 22 question sheet. (see Below)
e Check using solve command on Ti-NSpire



Solving Polynomial Equations — “20 Question Sheet”
e “one term in X”
e ‘“>1terminX”

Solve the following:

Question Hint
1. 5-3x=16 -
1 Eliminate the denominator
2 1-==
X

3. 3x°> =96 -
4, 7x° =200 + 6X° Collect like terms, answer to 4 d.p
5 2x 3 5 Eliminate denominators in one go

3 4 6
6 x—5+ﬂ = )

X
7 2x? =8x + 64 -
1) exact answer

8 X +8x+8=0 Ei?) correct to 3 d.p.
9. —-2x* —6x=1 Correct to 3 d.p.
10.  5x*+2x+1=0 -
11.  x*+4x*+x=6 Make RHS=0, then factor theorem
12 4x®+12x*-x-3=0 Grouping is quicker
13. x*+x?-2=0 Leta = x?
14.  x*-14x%=-1 Make RHS=0, let a =x?, ans. to 3 d.p.
15. x*+x3—7x2=x+6=0 Grouping two and three
16.  (3x+1)* =3x+1 Leta =3x+1

2 2 Eliminate denominator then factor
17. X +1+; =0 theorem

2 1 Eliminate denominator then let a=x?
18. X© =

1+ 2x?

19. 6(x*-x°)=0 Eliminate constant, HCF

Eliminate constants
20. %(x+1)4(5—2x)+2=2 mt

For the following use iteration to find solutions correct to 1 decimal place (1 d.p)

21. X2 +x—-7=0
22. x*+x-5=0



Completing The Square

Completing the square allows a quadratic of the form Yy = ax’ +mMmx+ N, to be written in the Turning
Point form, y =a(x—b)* +c.

Examples: Express the following in the Turning Point form y =a(x—b)* +c.

y=x2+4x+1 y=x"-3x+1

1) y=Xx>+4x+4-4+1 2) y:x2—3x+%—%+l
y=(x+2)*-3 3. &
y=(x-2)" -~
2" 4

y=-3x*-12x-7
y=-3 x2+4x+gj

3) y=-3 x2+4x+4—4+zj
. 3

y=-3 (x+2)2—%}

y=-3(x+2f+5

o« Ex4A Q2,4 (Only Complete the Square)
o CAS Calculator: expand command to check answers & the Complete The Square
command



Factor Theorem

Examples

1) Without performing long division, find the remainder when 2x® —8x +11is divided by
(x+3).

Let P(x)=2x>-8x+11
P(-3) = 2(-3)® —8(-3) +11
=-54+24+11
=-19
So the remainder is -19.

2) Find "a", given that when x* —2x + ais divided by (x — 2)the remainder is 7.

Let P(x)=x’-2x+a
P(2)=7

L T=(2°-2(2)+a
7=8-4+a

3=a

Rational Root Theorem
e Sometimes there are no integer solutions to a polynomial, but there maybe rational solutions.
e e.g.if P(x)=2x®—x*—x-3, we can show P(1) #0, P(-1) £ 0, P(3) # 0, P(-3) # 0.
e So there is no integer solution.
3 3 1 1 I 3 .
e S0 next we try P[Ej : P[— Ej’ P(E) & P(— Ej and will discover P(Ej =0 therefore (2x — 3) is
a factor of P(x).
e Unsure of signs then solve the equation 2x — 3 = 0 for .

Example: Use the Rational-root theorem to help factorise P(x) =3x®+8x*+2x-5

P(x)=3x°+8x* +2x-5 P@0)=8 P(-)=-2 P(5)=580 P(-5)=-190 P(—g)=0

3x* +8x% +2x-5

So (3x+5)isa factor. 3T =x*+x-1 = 3’ +8x*+2x-5=Bx+5(x* +x-1)
X +
, 1\ 5 . 1\* 5 1 5 1 5
X“+x—-1=| x+=| —— bycompleting the square X+=| ——=[X+=4+— | X+ =——
2 4 2 4 2 2 2 2

= 3x° +8x* +2x -5 = (3x + 5)(x* +x—1):(3x+5)(x+%+§J£x+%—§J

-1+
Note : The solutions would be —%,—%i? or 5 1445

« Ex4DQ2,4,7,8, 10, 11, 16, 17, 20



Straight Lines/Simultaneous Eguations

« The gradient of a straight line is always constant.

] rise -
e Gradient m=—= Y2
run - X, — X,

« Distance between 2 points: d = \/(xz -x%)*+(y,—V,)? (Pythagoras)

"m" is negative "m" is positive "m" is zero m" is undefined

X, + %, w+nj

2 2

« If m, is the gradient of a straight line and m, is the gradient of another straight line...
o If the two lines are parallel then m, =m,

« Midpoint, M, of two points is given by (

o If the two lines are perpendicular then m; xm, =-1 or m, =—
m2

Equation of a straight line:
« To find the equation of a straight line, you need:
o The gradient (m) and the Y-intercept (c), then use y =mx+c

o The gradient (m) and the coordinates of one point on the line (xl, yl), then use
y=mx+cory—-y =m(x—x).

Y= Y1

Xy =%

o The coordinates of two points on the line (x,,y, ) and (x,,y, ), then use m = , and

thenuse y=mx+c or y—y, =m(x—x,).
@)
Example: Find the equation of the line passing through (-2, -3) and (2, 5).

Let (X1’ Y1) =(-2,-3) and (Xz’ yz) =(2,5)

= y-(=3)=2(x-(-2)
y+3=2(x+2)
y+3=2x+4
y=2x+1
« Ex2CQ1,2,3,5,10,11, 12, 13, 14, 16, 23




Simultaneous Equations

e 3situations
o No solutions
o Infinitely many solutions
o A unique solution

1. No solution
e Means the lines are parallel
e They have the same gradient but a different Y-intercept

e €0 .2X+y=2 & 2x+y=5

2. Infinitely many solutions
e Means you have the same line
e €0 2X+y=2 & 4x+2y=4

3. A unique solution
o Means the lines are different and meet at one point only.
e €0 2X+y=2 & X+y=5

Example 1: Explain why the following pair of simultaneous equations have no solutions

2X+3y=6 & 4x+6y=24
2X+3y =6 4x+6y =24
3y =-2X+6 6y =—-4x+24
—2X —4x
=——+2 =——+4
y 3 y 6
—2X
= =——+4
y 3
Parallel lines, same gradient, different Y - Intercept

Example 2:

Consider the system of simultaneous equations given by:
mx+y=2
2X+(M-1)y=m

Find the value(s) of m for which there is no solution.



-@
-2

m

for no solutions or infinite solutions the determinant of the matrix L
1
m —

m(m-1)—-2x1=0

m?-m-2=0
(mM-2)(m+1) =0

mx+y=2
2X+(M-1)y=m

m
that is
2

.. no solution (this is the answer required).

m=2 or m=-1

Check:m=2

@D: 2x+y=2

(2): 2x+y=2 they are the same equation, hence an infinite number of solutions.
m=-1

@D: —-x+y=2

(2): 2x-2y=-1 = -X+y= _?1 = parallel lines (same gradient, different y - int)

equals zero
e

Note: For a unique solution the determinant = 0. For the above example:

=> the values of m for which there is a unique solution, meR\{-1, 2}

Simultaneous Linear Equations Worksheet

1. Consider the system of simultaneous linear equations given by
mx+12y =24 (m+1)x+2y=0
(@) (b)

3X+my=m 4x+(M-1)y=m

Find the value(s) of m for which there is a unique solution.

2. Consider the system of simultaneous linear equations given by

@ (m-D)x+5y=7 (b) (m-3)x-5y=-2
3X+(M-3)y=0.7m 2X—(2m+2)y =4
Find the value(s) of m for which there are infinitely many solutions.

3. Consider the system of simultaneous linear equations given by

mx+2y==6 5x+(Mm-3)y =1
(a) B (b) -

3X+(M-1)y=6 mx+2y=m
Find the value(s) of m for which there is no solution.

ANSwers:

1(a) M€ R\{-6,6} () meR\{-3,3}

2(@ m=6

3(@ m=-2
Ex2F 3,4,5,6

(b) m=4
(b) m=-2,5

m(m-1)—-2=0

(m—2Xm+D;b
m=-12




Sets

Notation
o Asetis acollection of objects
« The objects are known as elements
o If xisanelementof A, xe A
y ¢ A= yis notan element of Aor

2 ¢ the set of odd numbers

« If something is a subset of A, for example B, B < A. (Boys in the Year 12 Methods class is an
example of a subset)

 If 2 sets have common elements, it is called an intersection (") ie ANB.

o O it the empty set.

e U, union, AU B is the set of elements that are either in Aor B.

o The set difference of two sets A and B is given by A\B = {x: xe A, x# B}. Means what’s in A but not
in B.

Example
If A={,237and B={3456,7}

()Find (@) ANB (b) AUB (c)A\B (d)B\A
(a) AnB ={3,7}

(b) AUB ={1,2,3,4,5,6,7}

(c) A\B={12}

(d) B\ A={45,6}

(if) True or False
@3cA True
()5 A False
(c)6¢B False
(d){4,5}c A  False
(e){4,5}cB True

Sets of Numbers
e N, the set of Natural Numbers {1, 2, 3, 4, .....} is a subset of...
e Z, the set of Integers {....,-2,-1,0, 1,2, ....} is a subset of...

. : : m .
e Q, the set of Rational numbers, numbers which can be expressed in the form — is a subset of...
n

¢ R, the set of Real numbers
e NcZcQcR

o (’, is the set of irrational numbers, eg, \/E,ﬁ,e



Subsets of the Real numbers

Set Interval Number Line
{x:a<x<b} (a, b)
a b
{x:a<x<b} [a, b) ‘
a b
{x:a<x<b} (a, b]
a b
{x:a<x<b} [a, b]
a b
{x: x> a} (a, )
{x: x>a} [a, )
{x: x< a} (-o0, Q) )
{x: x<a} (-o0, 8]
Example: Complete:
Set Interval Number Line

A {x: x>2}
B [-2,3]
C

—§5—§4—3—a2—10 12 1’5; Ai E;
D (-w1 5]
E & I o

- e >
F R*
G {x: x <0}
H R\{0}

e ExerciselAQ1,2,3,4,56,7,8,9




Relations and Functions

Definition of a function
« Any relation in which no two ordered pairs have the same first element (ie x — value).
o The x value is only used once
o {(1,2), (2,4), (3,6), (4,8)} is a function
o {(-2,0), (-1, -3), (-1, 3), (0,-2), (0,2)} is not a function
« A function is a relation with one-to-one correspondence or many-to-one correspondence.
e Egofthat: f(x)=3x*> or y=2x+4 or g(x)=+x-2
« Functions are a subset of relations (one-to-many y* = x or many-to-many x>+ y* =4)
 Ifarelation is represented graphically, apply a “vertical line” test to decide whether it is a function or
not
o Cuts the graph once — function
o Cuts the graph more than once - not a function
« The first elements of the ordered pair in a function makes the set called the DOMAIN.
o The second elements make the set called the RANGE.
o Some other terms used: Image (y), pre-image (x), (X,y) € f

Notation for description of a Function
e f:R>R, f(x)=3x°
f is the name of the function (use f,g,h), : means such that

R is the domain (be careful for restrictions of the domain)
— R is the possible values that the domain can map onto (it is not the actual range)

f (X) = 3x? represents the rule

Example: Rewrite the following using the function notation
{(x,y):h(X) =5%x* +7, x> -2}

h:(=2,0) > R, h(x) =5x* +7

Example: For the function with the rule g(x) = 4x* +5, evaluate:

M 90 (i) 9(-3) (i)~ 9(0)
(iv) 9(a) (V) g(x+h) (vi)  9(x)=9
(i) 9(2)=4(2)% +5=16+5=21 (i) g(-3)=4(-3)2+5=36+5=41
(i) g(0) = 4(0)* +5=5 (iv) g(a)=4(a)*+5=4a’+5
(v) g(x+h) =4(x+h)> +5=4(x* + 2xh + h*) + 5= 4x* +8xh + 4h* +5
(vi) 4x* +5=9
4x% =4
x> =1
X==1 -land +1are the pre - image of 9.

Ex1IBQ1, 2cef, 3,4,5,6, 7,8, 9cde, 10, 11, 12abc, 13, 14, 15, 16



One to One Functions

« VERTICAL LINE TEST - to see if we have a function
e HORIZONTAL LINE TEST -to see if we have a one-to-one function
o Examples:

o Parabola

o Cubic

o Exponential

Implied domains

« Often the domain is not stated for a function.
o Assume the domain is to be as large as possible (i.e. select from R)
o Examples:

o y=3x?,the implied domain is R as all values of x can be used
o y=+/x, the implied domain is [0, =)

o Yy=4x-2,[2,x)
o y=+2-X, (%, 2]
o y:%,R\{O}
o y=—T R\
2—X
o y=+vx*=7x+12, (—0,3]U[4, ) look at graph of parabola —what is under the root.
1

=———— R\{34

° Y= i R4

e ExX1CQ1,2,3,4,5/6,7,8



Hybrid functions (Piecewise functions)

« A function which has different rules for different subsets of the domain.

Example: Sketch the graph of:

-Xx<0
f(x)={x*0<x<2 and state the domain and range.

X+2,X>3

Domain = (~,0)u(0,2]u(3,)
Range = (0,00)or R*

For the above function find:

@ 4 0 1o ©  fa)
(4=~ =0
@ iy O .

(i) —2a, 2a<0=a<0
(i) (2a)’, 0<2a<2
(©) 4a°, O<a<l

(i) 2a+2, 2a>3:>a>g

—2a,a<0
f(2a)={4a’0<a<l

2a+2,a>§
2

« Ti-NSpire : From the templates, select the hybrid with 3 choices. (see p18 of text).



0Odd & Even Functions

f (—x) =—f(x) thisis the TEST toseeif ODD/EVEN

dd f defined b ¥ f(X)=X3—X
e A tion i i :
no unctuon IS detine Yy N f (—X) _ (—X)3 - (—X)

f(—X)=—x>+x=—(x*—=x)=—f (x) .. it is odd

e Can also consider an Odd function has 180° rotational symmetry about the origin.

« An even function is defined by:
f(—x) = f(x)
if f(x)=x*-1
= f(—x)=(-x)* -1
f(=x) =x*—-1= f(x) ..itis even

« Ex1CQ9,10,11,12, 13, 14, 15, 16, 17, 18, 19




Sums and Products of Functions

Example: If f(x):m and g(x)zm find:
(@ (f+9)(x)

(b) (f +9)Q3)

(©) (fg)(x)

(d) (f9)3)

@ (fF+9)(x)=f(X)+g(x)=vx-2+~4-X
Implied domain for f =[2,0)and the implied domain for g = (~0,4]
= only defined domain for f + g = [2,4]

() (f+9)B)=+3-2+/4-3=1+1=2
©) (fg)(x)=f(X)xg(x) =vx-2x~+/4—x =/(x=2)(4—-x), dom fg =[2,4]
(d) (fg)(3) =+/(3-2)(4-3) =1x1=1

Graphing by Additions of Ordinates

This involves the addition of the y-values of the given equations. A

For example, if f(x)=+/xand g(x)=1-x the graph of
y = f(x)+ g(x)is obtained by adding the y-values for every
value of x for which both curves simultaneously exist.

For f(x)=+/x the domain is [0,0)

For g(x)=1-x the domain is (-o0,0)

Therefore, the values of x for which both curves are defined
simultaneously is given by
[0,00)

Sketch the two graphs above, on graph paper, see blackboard for
specific instructions.

Adding the y-values is straight forward as long as you know the equations of the graphs. However, you
need to be able to add two graphs without this information.

Hints: when using the addition of ordinates.

1. Look for regions where both graphs are positive
(ie both lie above the x-axis)
(this means that when you add the y-values, you will obtain a larger positive y-value)

2. Look for regions where both graphs are negative (ie both lie below the x-axis)
(this means that when you add the y-values, you will obtain a more negative y-value)

3. Consider the regions where the graphs differ in sign and then be discerning in where the sum of the
two values lie.

4. Look for asymptotic behaviour.

If you are asked to find f(x)—g(x), itis easier to sketch f(x)+(—g(x)),thatis, reflect g(x)in the x-
axis and continue as above.

« ExXIDQ1, 2, 3,4,6,8a, 10,12



Composite functions

 Think of a function machine, eg f(x) =3x+2 and find f(3).

IN ouT
(domain) (range)

« What happens if we use 2 machines, eg f(x) =3x+2 and g(x) = x*

e New
3 N ouT 11 , > 121 function
> 3x+2 » X has been
(domain) (range) defined,
h(x),

h(x) = (3x + 2)?
e h(3)=121 or h(3)=g(f(3)) =911
« h(-2)=9(f(-2))=9(-4)=16
e = hissaid to be the composition of g with f .
e h=gof or h(x)=g(f(x))
o The domain of h or h(x) is the domain of f .
« Consider f(x)=x—-3and h(x)=+/x. Whenx=4,x=2

range of f

-

g( f(x))

Example: Find both f og and go f , stating the domain and range of each, if f :R >R, f(x)=2x-1
and g:R—>R, g(x)=3x°.

Domain | Range go f=9(f(x)
f |R R =3(2x-1)?
g R R* U {0} domgof =R
fog="1(g(x) ran g f =[0,e0)
=2(3x%)-1
=6x° -1
domfog=R
ran f og =[-1,)

f o g is defined since rangcdom f and go f isdefined since ran f — dom g



Example 2: If g(x)=2x-1,xeR and f(x)=+/x, x>0
(a) state whichof fog and go f is defined
(b) state the domain and rule of the defined.

Domain | Range
f | R*U{0} | RTU{0}
g R R
ran g < dom f
= f o g is not defined
(@)

ran f < dom g
= go f isdefined

gof=2Jx-1

b
®) = domgo f =dom f =R* L{0}

Example 3: for f(x)=x2—-1and g(x)=/x’
(@) Is (i) go f defined, (ii) f og defined?
(b) Determine a restriction for f, f *, sothat go f *is defined.

Domain | Range
f |R [-1,00)
9 | R U{0} | R"U{0}
107
81 y = (x)
61
41
21

+

vvvvv

+ + + +

(b)

ran g c dom f

= f o g is defined
ran f ¢ domg

= go f is notdefined

Forgo f tobedefined ran f — dom g

= dom f*=(-o0,~1]U[L,c0)or R\(-11)
= f*:R\(-11) >R, f*=x>-1

= go f*=g(f*(x))

=g(x* -1

=x*-1

~.domgo f*=dom f*=R\(-11)

ExXIEQla-e 2,3,4,5/7,8,9,10, 11, 12
o CAS Calculator: composite function: define f(x) & g(x) then f(g(x))



Inverse Functions

The Inverse of a function y=f(x)

For the function y = f(x) : Y= x

A R,
e The graph of its inverse y = f *(x) is found by (1, X)
reflecting the original in the line y = x.
\), ”l
e The rule of its inverse is found by swapping x for y ¥ £a ™ /
(and then making y the subject of the equation. "5y
7 Ly, )
Example: For the function >

f :[-1,3] > R where f(x)=3x-2
a. Sketch the graph of f ;
Sketch the graph of y =x;

Using the line y = x as the “mirror” reflect the graph of f in it;
Find the domain and range for f and its inverse f*;

Find the rule for f *(x);

Fully define f*(x).

—~ o o 0o

Pomt of Intersection

(1,1)

dom f =[-13] ran f =[-57]
dom f*=[-57] ranf*=[-13]




To find the rule for the inverse we swap the x and vy in the original equation.
f(x)=3x-2
swap
X=3y-2
X+2=3y
X+2

1
——=yory=—(x+2
3 yory 3( )

N f‘l(x):%(x+2)

fully defined : f*:[-57] >R, f *(x) :%(x+2)

o Thedomainof  f=rangef? and range f=domainf!
« If the graphs intersect, then the points of intersection MUST also be on the line y = x.
« So the points of intersection can be found in 3 ways:

o f(x)=f7(x)

o f(X)=x

o frx)=x

o Itisusually quicker and easier to use one of the last two.
« All functions have inverses, but the inverses may not be functions (they may only be relations).
« e.g.compare y=x>and y = x*

3 » ,
« Original is a function Original is a function
e Inverse is a function Inverse is not a function

« Afunction f,hasan inverse function, written f " only if f is a one-to-one function.
 i.e. ahorizontal and a vertical line only crosses the graph of f once.

« Itis possible to restrict the domain on a function, so it will have an inverse function, e.g. f(x) = x?,
the domain can be restricted in many ways, e.g R* U{0},[2,10),(~ 0,0],[-5,~1]



Example: Restrict the domain of g(x) = x* —3, so that we have an inverse function g(x). Find the

two possible g (x), where the domain is as large as possible.

Y
104 g(x)=x"-3
81 gisnotl:1
2" domg=R
o1 ran g =[-3,)
'—'4'—"_2'2__ T2 4 x
—44
-6l
-8l
- 104 .
e Let’s choose the RHS of the curve, i.e X >0
101 g(x) =x*-3
81 Lety=x*-3
j" swap x &y
24 x=y*-3

: : : : X+3=y?
-4 -2 /2 4 Tx
~?1 +X+3=y

H~ OO0 O
H——————>%

-4 -2,1 2 4 X
—41
-6l
—gl
— 101

domain:[-3,c0)
range:[0,0)

y=+JX+3 0or y=-4x+3
which one is g2

—41
—641
-8l

— 101

domain:[-3,)
range: (- 0,0]

e« Asthedomg=rang™" & rang=domg™then g*(x)=+/x+3.
e =29 ':[F30)>R, g (X)=Vx+3
« If we used the LHS of the curve, then = g™ : [— 3, oo)—) R, g7 (X) =—Vx+3




Example: If h:S — R, h(x) =+/x —5, find:

@ S () h* () h'(-2) @ hED)
(S is the domain, dom h =[0,00) and ran h =[-5,c0)
h(x) =v/x -5

i =" Let y=+/x—5

ST e s swap X & y
e x Intercept

s o (25,09 X = -5
T fos) (b) vy

x+5=J§
(x+5)°=y
= h™?(x)=(x+5)°
h:[-5,0)— R, h™(x) = (x+5)

) " (-2)=((-2)+5)* =(3)* =9
(d) h™*(=7) = undefined, x = —7 is not in the domain, {~7} & [~ 5,0)
Example

Find the inverse of the function with rule f(x)=3+vx+2 +4 and sketch both functions on one set of
axes, clearly showing the exact coordinates of intersection of the two graphs.

Pomt of Intersection
(17116844 17.116844 )

y=f(X)=3vx+2+4 ;— g A
Swap X & y e 7

x=3,y+2+4
x—4: ?:5

Solution

3
2 _rv - X
(%4) — y+2 . 5 10 1% x
= A ! !‘1 —'~|‘:
[x—4 2 | y==57] ~2x2 4
[ 2= y AR
>
2
:>f‘1(x)=(x—;4j 2

domain f * =ran f =[4,)

Note: The graph of f L is obtained by reflecting the graph of f in the line y = x.
The graph of y = f 7}(x) is obtained from the graph of y = f (x) by applying the
transformation (x, y) — (y, x).

In this particular example, it is simpler to solve f ~1(x) = x to solve the point of intersection.

« Graphical Calculator can be used to find the inverse of a function
o Define the function
o Solve(f(y)=x,y)

« EX1IFQ1,2, 3,4,6,7, 8aceg, 9, 10, 11, 12, 13, 14, 15



Power Functions

e Power functions are of the form:_ f (x) = x"; peQ (i.e. p is rational)

Strictly increasing and strictly decreasing functions
e Afunction f is said to be strictly increasing when a < b implies f(a)<f(b) for all aand b in its
domain.
e If a function is strictly increasing, then it is a one-to-one function and has an inverse that is also
strictly increasing.

Example 1: The function f :R — R, f(x) = x%is strictly
increasing with zero gradient at the origin.

1
The inverse function f':R — R, f (x) = x3, is also strictly
increasing, with a vertical tangent of undefined gradient at the
origin.

Example 2: The hybrid function g with domain [0, o) and rule:

2X X>2
differentiable at x = 2.

x> 0<x<2 L . .
g(x) = Is strictly increasing, and is not

Example 3: Consider
h:R—R,h(x) =[x - x°

H is not strictly increasing,
But is strictly increasing over the

interval {O, i

5l

Strictly Decreasing
A function f is said to be strictly decreasing whena <b y
implies f (a) > f (b) for all a and b in its domain.
A function is said to be strictly decreasing over an interval when a <b
implies f (a) > f (b) for all a and b in its interval.

1
e’ +1

Example 4: The function f:R—>R, f(x)=

The function is strictly decreasing over R.




Example 5: The function g:R — R, g(x) =cos(x) y
g is not strictly decreasing.

But g is strictly decreasing over the interval [0, z].

> X
O
Power functions with positive integer index RP Y
5 '
e Functions of the form: f(x)=x";p=12,.... II |
e 2 groups: the even powers and the odd powers. || o " ~
\ '
e Even powers, f(x)=x% x*x°,... N Ll 5l 1] :/'" 4
o All have the “U-shaped” graph \ ’, | : /"
o Domain: R '
o Range: R" U{0}or [0,)
o Strictly increasing for x >0
o Strictly decreasing for x <0
o As x— o, f(x)To
e Odd powers, f(x)=x,x>x°,.... iuld b
o All slope from bottom left to top right
o Domain: R N [ —
o Range:R BTN | ~y=r
o Strictly increasing for all x 2 £ A=
o fisone-to-one .
o As X—+wo, f(X) >0 & X— -, f(X)—>—0




Power functions with negative integer index

e Functions of the form: f(x)=x";p=-1-2,....
e 2 groups: the even powers and the odd powers.

Odd Negative Powers
Functions of the form: f(x)=x"; p=-1-3,... 4

« Sketch the graph of f(x)= Lor=xt T
X 4

e Domain: R\{0}
o Range: R\{0}
o Asymptotes:
o Horizontal: y=0

As x—>oo,l—>0+
X

As x—>—oo,1—>0’
X

o Vertical: x=0

1
Asx—0 % —> 0 Vertical Asymptote

r=10

As x—>0’,1—>—oo
X
« Odd function: 1‘(—x)=i:—1 y
-X X

« Sketch the graph of f(x)= is or=x7°
X

Pomt of Intersection
Pomt of Intersection (1,1)

(=k5rk)




Even Negative Powers

Functions of the form: () =X"p=-2-4,..

« Sketch the graph of f(x)= iz or =x7? 4
X
e Domain: R\{0}
« Range: R\{0}
o Asymptotes:
o Horizontal: y=0

As X—)oo,1—>0+
X

As X —> —oo,1 — 0
X 4 2

o Vertical: x=0

As X—>O+,1—>oo
X

Asx—>0" ,E —> 0 4 — | Vertical Asymptote
X | |*= 0
« Even function: f(-x)= 1 > = iz
(-x} x v
« Sketch the graph of f(x)= % or=x"* ‘
X

...
!
S I
("2

———
T

=

- 4 - ‘
R e =

—

| Pomt of Intersection
§ 1411

= ..ﬁ_<.‘._-.&:~‘:—*.=-l-—-o’x
x 4

y=0

Pont of Intersection
(-1,1)

4 -+ | Vertical Asymptote
x=10




p

Functions with rational powers: f (x) = x°

1
Of the form: f(x) = x¢
1
Remember f(x) = x® = {x
Maximal domain is [0, o) when q is even:

Maximal domain is R when q is odd:

Consider: f(x) = qi =x 9=

Ux

.
1

Xq

Domain (0, «) if q is even and R\{0} if q is odd.

1
f(x)=—=:
) Jx
Asymptotes: y=0 and x=0.

p

In General: f(x) = X% = (q\/;)p

Always defined for x>0, and when q is odd for all x.

2 -

Eg: f(x)=x3

e.g. F(x)=x*

> -




Inverses of Power Functions

Example: Find the inverse of each of the following:

a) f:R>R f(xX)=x°
b) f
c) f:R->R,f(x)=8x°
d) f

' (~0,0] > R, f(x) =x*

:(L,0) > R, f(x) =64x°

(@ f:RoR f(x)=x°
y=x’

Swapx &y

X=Y

5
1
Ux=y or (N° =y

1

f1:RoR f1(X) =(x)°

(c) f:R—>R,f(x)=8%°
y =8x°

Swapx &y

X =8y°

1
s\/z—y or (5)3 =y _EX%
8 8 2

1
f1:R R, f‘l(x)z(gjs

(b) f:(—0,0]>R,f(x)=x"
y=x"

4

X=Yy

1
+4/x=yor +(X)* =y

ran f =[0,00) =dom f*
1

f1:[0,00) >R, f(x) = ~(x)*

(d) f:(Lw)—R,f(x)=064x"
y = 64x°

X = 64y°

1
+6/i—y or + X —y—+£x%
Vo4 (64 2

ran f = (64,0) =dom f*

f*:(64,0) >R, f(x) :%x

1

6

e ExIGQ1,23 4,5




Past VCAA Exam Questions
2008

Question 6

The sumultaneous linear equations
ar+3y=0
X+{a+1l)y=0

where a 15 a real constant, have mfinstely many solutions for

A 0€R

B. aei{-3 2]
C. acR\{-3 2}
D. aec{-13)
E aeR\(-23)
Question 7

The mverse of the funchon f B~ — R, f(r)=,L- i
VX

A ffr—r S =e 3y
] Vg S

B, R —R F=—=+3
X

oo} -1 -1

C. ffB.=—R o)=——ms

(xr=3)°

1
D. fl(-5a)—R /s—
(x+3)°

A !
E fl(3x)—R fw=—5-3

Question 20
The funchion £, & — R with rule f{x) = 4% + 33% = 1 wall have an mverse finction for

A. B=R

2009

Question 1
The stmultaneous linear equations

—-3y=0
Sx—(k+2y=0

where k 15 2 real constant, have o unique solution providad
ke (-5 3

ke R\{-5 3}

ke (-3
k& R\{-3,5)
k€ R\(0)

e

menNnwy
A

it 3
]
Lat f-8\(0) — B where fix)= T 4. Find §~' | the mverse fanction of f

For wnfinitely many solutions the lines must have
t\lﬂi\'ﬂleﬂ' E\llb’lﬂ’ﬂl]‘,

ax+3y=10

x+{atNv=0

Siace the y-intereept for both équations 1s the
same, 1.¢. zero, then the values of a can be found
by leting the determmant of the comespondmg
mazrix equal to zero and solving for . without
checking the solutions for paralle! lines.

a3 3
E =0 8
Y

2 a1

Heneea ==3ora = 2. Alternatvely. using
multiples of coetficients and equanions leads 10
alo+1)=6_Hencea="3ora=l.

23% students found the values a for which there
was a wnique solution,

Ising multiples of coefticients and combining
equations, a unique solution exists when
|k(k=2)—15 s nonzero. thatis. k= R\ |[=3.3) .

1

-3

-k=-2

Altemanvely. solve =0

|k = =5 or k - 3 (infinite number of sofutions).
4 unique solution wall ocow if k & R {-5.3}

Question 3
Marks 0 1 2 3 Average
% 8 10 44 38 21
3
f iR\ {4} - R where f 7 (x) =
x+4

[ should have provided students with a clue.

: . . -1 : . . ..
Few students realised that the inverse function, f . required the rule and the domain to be specified. The definition of
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1
Let £ B — B where flx) =—
X

a,  Fund gy} =G

Questian 7
The suultaneons knear equations (m— 1) x + Sy = 7and 3x + (n — 3)y = 0 7m have mfinstely many solutions
for Q7 (m=1lx4+5y=7 und 3x=(m-3ly=07m
A. mcR\0 -2} Change to standard forn
B. meR\0} o m—l‘_. 7 Ll T 5 S 0 7m
C. mER\(6) 5 5 m—3  m-3
= 3 7 7
D. m=6 Equate coefficiemts: - "{_ L s = and i s ":
n 3 3 m=3 5 m-!
E w2 m=b D
Question 9 . 9 The eraph of flx)=x" =32 +3
The function [~ (<o, a] <+ R with rule f(x) = r* = 3x* + 3 wall have an mverse function provided I
A a=0 |
B. a>2 , f
C. a=0 f f
D. a<2 / |
E. a<i |I
Question 5 ‘
For the system of simultaneous linear equations |
x=5 |
z+y=10 The graph is |01 0 the uderval (- 'A.HI, Lash A
I—-y=6
an equivalent matrix equation 1s
x| 0 0 1 5 05
Ay 1 0=110 Ix+0y+0z=35
zZllt -1 0] |6 Ox+=ly+1z=10
1 0 0fx 5 Ox—ly+lz=6
B. |0 1 [ljyl=10 10 ofx] [5]
0 -1 1z} |6 0 1 1fy|= I()‘ B
|
x 0 1 1]s 0 -1 1)lz| 6]
c. |yvl=20 1 -1fls -
z 2 0 0|10
1 0 0f«x 5
D |0 1 yl=|10
0 0 —-1y:z 6
1 1 X 5
E. |1 -1 ofyl=|6
0 0 1fz/| |10
(mestion }

b.  Esaluste g0 (16), where g7 is the inverse fonction of g

1 sk
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Consider the function /- R — &, f{x} = x(x - 4) and the function

If the function /i « f+ g, then the domam of the mverse function of )i is

Question |
The smdpomt of the lme Segment jouning (0, -5) 1o (d. 0)

[d _5)
A (\3-3)
B. (0,0)

(d=5 0
< | 3 |

( o
D 0. —

) (0+d -5+0) (d 3

(324 o) 1 Midpoint: | — - ':'———l

(779 Q pttw'ﬂl‘.s'w
Question 2
The gradient of a hine pespendicular to the lne winch passes through (-2, 0) and (0, -4) 15 0 ‘ 4)

' 2 Gradient of given line: ———=-2
A = Q2 Gradient of given line: - ) .
B2 1
o = .z gradient of perpendicular line is =
D 4

2 3 2

E Q3 flx)J=4x"—13x"—ax where az0
Question 3 ( Y P R T o ey 18 : 3 19,2
If x = o 15 3 factor of 4" — 13x” — ax. where ¢ R {0}, then the value of g is fl—a}——-la -13a"+a" =0, -4a -12a" =0
A -4 2 - ﬁ
i 5 —4a{a+3)=0.:a=-3
c. -~
D. 1
E 2
Question S
The inverse function of g [2, ) = R gl = V2i -4 &
A pRo-RgH=2 QS5 The range of y=+2x—4 is [0,00) and it is the domain of
B 1 R &) 2 x2+4

110, =) - ) =2 4) . . o y

ESRBARE W= the inverse. Equation of the inverse: x=y2y—4 .. y=——
C, gf [0,®) R glx)= Vl;—-l -

. LT e
T DS . theruleis g (x)= = D
1 4

E gURRW=—7o
Question §

A [D13)
3
B. ._] m‘
o 315 ¥E
“ \Tece]
3 3
D |38 =1
- 4
3
E |31

1o | W

[9%)

Q8 hlx)= flx)+glx)=x(x—4)+x+3 =x*—3x+3 and

3 ; =
.5} . The range of h is 2.13 , .: the domain of h Nis

J.

Q18 Consider the graph of f{x)=x" —9x® = I 5x

Question 18
T'he equation ¥ — 937 = 15x + w = 0 has oaly one solution for x when

A “T<w<2s

B w=-7

C, wz2§

D. w<~Torw>25
E w>1

f
|

//\Jf |

The bocal max and min are (17) and (5,-25) respectively. To
Pass through the x-mxs once, the graph must be lowered by mose
than 7 units or lified up by more than 25 units.

rw<=T or w>25

n




Question 4
If the function fhas the mle f{x)= y's* - 9 and the function g has the rule g{x} =5 + 3

n. fisd ustegers ¢ and o such that g (1)) = Jix s clx+d)

Qb flx)=vx*-9, glx)=x+5

—_—

flg(x))= \j’(x+5)2 —9=(x+2)x+8)

:c=2and d=8 OR ¢c=8 and d=2

Q4b (x+2)(x+8)>0,.: x<-8 OR x>-2

b, state the naoamal domamn for whach (g (x)) s defined

2 marks

Cuestion 6
Consider the sinmltaneons linear equations
fx—3y=k+3
I+ (k+Tp=1
where k is a real constant.
a. Find the value of k for which there are infinitety many solutions.

k —k—-3
Q6a kx—3y=k+3,.. y=—x+

3

dx+(k+7)y=1,. y= i
' TR BT

o

L —k
= and =
k+7 3 k+7

2 k*+7k+12=0 and k*+10k +24=0
2 (k+3)k+4)=0 and (k+6)k+4)=0

.only k =—4 satisfies both constraints.

- . kK —4
Infinitely many solutions: ~

3 marks
b. Find the values of k for which there is a unique solution.

) ) k -4
6b Unique solution: — #
< 4 3 k+7

s k#-3, -4,ie. ke R\{-4-3}

o (k+3)k+4)=0

1 mark
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Question 3
The range of the function £{-2,3) s R. fi)=v" -2 -8 15
A R

B. (-9.-5)
C. (-5.0)
D. [-5.0)
E. [-9.-5

Question 5

Let the rule for a functon g be g(v) = log ((x 2)*). For the function g, the
A, muwamal domuun = £ and range = R

B. maxumal domain « R\{2} and range » R

C.  maxumal domamn = R\ (2} and range « (-2, «)

D.  maxumal domun = [2, @) and range = (0, x)

E.  maximal doman = [2, @) and range = [0, @)

Question 17
A system of ssmultaneows Imear equatons 1s represented by the matnx equation

lm 3 W 1]

1 m+2lly

The system of equations will have no solution when

Q3 See Graph below D
Q85 glo)= kg Ke-2P), lx=2F 20, ve2
Soe graph bokow B
'
{
f
{
¥
|
|
4
|

A m~=1

B. m=-3

C, me (1,3}
D. me Rl

E me{l13)

Queestion 3

The rule for function b 15 k(x) = 2x* + 1. Find the rule for fhe mverse fanchon 1

Q17 Change the matrix equation to two simultancous lincar
cquations, writing v as the subject of the equations

n | 1 m
y=——x+— and y= - X+
3 3 m+2 m+ 2
The equation will hiave no solution when
m I e | m
e ‘\r\l) -2
i oma+2 3 m+2

ie. m +2m=3=0. m=1m+3)=0 AND m=1

Sm= -3

2 2

e

y= x—l]-‘“: h—](x):[)C—l )

Q3 h(x)=2x* +1. equation of the inverse is x=2y> +1.

2 mearks

2013

Q2 Midpoint is (d:' :

—JaP 418 =0,~ 10’ {a—2)=0, z:a=2

Question 2
The undpomnt of the hine segment that jouss (1 -5) fo (d. 2) s

fdel R
A 577

t-d 7
®\7-3)

d-2
¢ (— 0]

: 3 2 -
o (o124 Q3 7(~a)f +9(-a)f =5al-a)=0, a=0
¥ "”.:]

Question 3

If x + a s 2 factoe of 71! = 9¢ - Sax, where 5 & R\(0). then the value of o 1
A

B 2
C. 1
D |
E

1

Question §

function /+ g 15

Hf (~o 1) R fi)=2log(l ~x)and g [~1. @) = R, g{x)= 3vx +1, then the maximal domam of the

A [-LD
B. (l.m)

.
D. (= -1]
E

Q5 The maximal domain of f + g is the intersection of the
1.1] domains of fand g, i.e. [— L1). A

R




Question 21
pomnis when
IS

da

A ¢
I

“da
< 4b%a

b

la

b

kY

The cubic function f; R — R, f(x) = av’ — ;a? + cx, where a, b and ¢ are positive constants, has no stationary

ax’—bx* +ex, flx)=3ax*-2bx+c

Q21 f(x)=
fhas no stationary points, .. f(x)#0,.: A=B*-4AC<0

2

24 —12ac <0, c>—-
3a

2014

Question 2

A [2.6)

(-2,2)

. 6]
[-6.2]

moow
T
a

The hnear function f:D -+ R, f(x)=4-x has range [-2. 6)
The domamn D of the function 15

Q2 y=4-x

When y=-2, -2=4-x, x=6
When y=6, 6=4—-x, x=-2
The domain is (-2, 6]

Question 6

A D=R
D=(7,)
D=(4,8)

D=(—x, 0)

s

Mg N w

The function f:D — R withrule f(x)=2x"—9x>—168x will have an inverse function for

()

Question 9

A fL40)>R
B. f LR SR

. fRR SR

9]

D. f_l: (4, ) >R

E. (- 4)>R

The inverse of the function f:R" - R, f(x)=—+4 is .
X 1 1 aone-to-one function in the interval (7, =

7/

|
|
|
|
|
|
|
|
]
|
|
|
I
/ :
>
-

1

).

4

1 s

Domuin of the inverse is (4, o)

Question 17

A a=3

a=-3
botha=3anda~-3
ae R{3)

ae R{-3 3]

menp

The sunultansous hosar equations ax—3y =35 and 3xv—ay =8 —a have no salution for

a 5 3
—x——and y= -—\'—l
K 3 T a

5
Q17 y= ——l;
a

Ja==3

o5y a
and the y-intercept must be different, 1e. —=
. 3

1
3

a

To have no solution (intersection), the gradient must be the same

8 5
and ——lz—,
a 3

Question 18

A. k=6
B. kvb6ork<=2
C. -2<k<6
D.
E

The gragh of ¥ = kc— 4 wtersects the graph of v =17 + 2u at two distinet ponts for

QIS y=x"+2x and y=kx—4

X+ 2x=ke—4, X +(2-kx+4=0

For 2 intersections, A>0, (2—=kF =4(1){4)>0
s k<=2 ork>6




Question 2

|
The mverse fimetion of f1(=2. ) R, flx) =~ 1
Vivs
1
A fLR SR Fx)=—-2
A > (== Q2
|
B. [ R\(0) >R F =2 1 1 4 1
x= ,y=—-2.:2f (x) >—2
y+2 X X
1. i !
C. R ->Rr fUx)s—s2
2
D. (2= R =y +2
E fQa)-+R fix) -
x* -2
Craesdon 5
Part of the graph of p = f{x) is showa below.
.I'I
Tha: cormesponding part of the graph of the ivvame fmction p = /-{x) is best mpmsansed by
A ) E.
7] " / [ "
/
C. .
¥ ¥
0 . 0 :
. Q5 Reflection in the line y=x
. v
c}’_\ "
Question 6
For the polynomual P(x)=.15 —a—4x+4, P(3) =10, the value of a 15
A 3
B. -1 Q6 PR)=3-a3 —43)+4=10,.: a=1
C.
DY 3 Q7
E. 10
Question 7
The range of the function /- (-1. 2] = R, f(x) =’ +2x-3is
A R
B. (-6,-3]
C. (-6,-2]
D. [-6,-3]
E. [-6.-2]




Question 17

A graph wath rule f(x) = ¥ = 31" + ¢, where ¢ is a real number, has three distict y-mtercepts

The set of all possible values of ¢ 15
A R

B. R

C. (0,4)
D. (0.4
E. (- 4)

Q17 By CAS y=x"—3x has a local max at (0,0) and a local
min at (2,—4). To have three distinct x-intercepts, y=x" —3x°

must translate upwards by less than 4 units. Hence ce (0,4). D

Question 21

The graphs of y = mx + ¢ and y = o will have no pounts of mtersection for all values of i, ¢ and a such that

A a>0andc>0

B. a>0andc<0

IVI:
C. a>0mdc>—
4a

m-

D. a<0andc> -
4a

E m>0andc>0

Q21 Let ax* =mx+c, ax*—mx—c=0

No intersections: A<0, (- m)z—4a(— c)<0, m*+4ac<0
Ifa>0.c<—£:ifa<().c>—i D
4a 4a




