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MY FAVORITElesson

T H E  B A c K  P A G E

When I first studied conic sec-
tions, I learned about eccen-
tricities, foci, and directrices. 

I did not understand, however, why 
such diverse curves shared these char-
acteristics. That remained a mystery 
to me until years later. Now, I help my 
precalculus students see those connec-
tions—first while studying conics using 
dynamic geometry (Thele 2008), and 
then, surprisingly and somewhat ele-
gantly, in one of my favorite lessons on 
polar functions, which I describe here. 

The polar lesson begins as stu-
dents graph functions of the form 
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 creating lemaçons (see 
fig. 1a). I then ask my students to 
predict the graphs of the polar family 
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 We start with b = 0.5, 
and they are surprised when they see it 
creates an ellipse. After seeing that 
b = 1 generates a parabola, most students 
correctly guess that b = 2 will create a 
hyperbola (see fig. 1b), but they are 

surprised when they learn that b is the 
conic-section eccentricity. When I ask 
my students what is special about the 
pole of the polar graph, they are sur-
prised yet again: The pole is a focus of 
the conic section. 

We investigate these relationships 
using a 45° double-napped cone (see fig. 
2). Here, the conic section of interest is, 
not the actual intersection of the plane 
and cone, but rather the vertical projec-
tion of that intersection onto the horizon-
tal xy plane whose origin is at the vertex 
of the cone. In this setting, we observe the 
following relationships (Kendig 2005): 

• The vertex of the cone is a focus of 
the projected conic.

• The z-intercept of the plane is the 
semi-latus rectum (positive y-inter-
cept) of the projected conic, the size 
parameter in the polar equation. 

• The slope of the plane is the eccentric-
ity of the projected conic, the shape 
parameter in the polar equation.

• The intersection of the plane with the 
xy plane is a directrix of the projected 
conic.

Conic Connections 
with Polar Functions

What elegance! Both parameters in 
the polar equation have physical signifi-
cance in the 3D model, and secondary 
equations are straightforward.

These connections help demystify and 
unify conic sections. I encourage you to 
consider incorporating them into your 
lessons.
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Fig. 1  Polar graphs show (a) a lemaçon, 

r = 1− bcosθ,

r = 1 / (1− bcosθ).

r = 1−2cosθ

1

r = 1−0.5cosθ
.

 and (b) a hyperbola, 

r = 1/(1 – 2 cos ).

The Back Page provides a forum for read-
ers to share a favorite lesson, not exceed-
ing 600 words. Lessons should be submit-
ted to http://mt.msubmit.net.
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Fig. 2  Conic sections use a 45° double-napped cone created using www.teraplot.com.
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