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Transformations: f(x) > f(x)=af (n(x-b))+c or (x,y)—» [1 +b,ay + cj
n

o Transformations of a function is one of the following:
0 Dilation (STRETCH) (from the X-axis or y-axis);
0 Reflection (FLIP) (in X-axis or y-axis);
0 Translation (SLIDE) (vertically and\or horizontally);
0 Rotation (we don’t study these).

e The order to deal with the transformations is DRT (alphabetical)
o The Cartesian Plane is represented by the set R? of all ordered pairs of real numbers.

Dilations
e This is a stretch or contraction of the graph from the x-axis or the y-axis
a causes a dilation of factor a from the x-axis (X, y) — (X,ay)

n causes a dilation of factor 1 from the y-axis (X,y)— (1, yj
n n

We describe the dilations like:
0 The graph is dilated by a factor of a from the Xx-axis, or
0 The graph is dilated by a factor of a parallel to the y-axis

0 The graph is dilated by a factor of 1 from the y-axis
n

Example: Sketch the graph of f(X)=3x’by comparing itto f(x)=x"

Here a=3 \
First sketch  f(x)=x’ \
Then multiply each y value by 3. (=3f(x)) ~

The graph is dilated by a factor of 3 from the X-axis.

GeoGebra 39 Quadratic Function Transformation.ggb

Example: Sketch f(x)=(2x)’

Here n= o \

_— \

First sketch  f(x)=x’
Then multiply each X value by ' .

The graphis __ dilated by a factor of 2 from the _Y-axis__.

Could also be a dilation of factor 4 from the x-axis. Why?

GeoGebra 39 (Quadratic Function Transformation.ggb




Reflections
o There are three types of reflections:
0 Inthe x-axis, y=—"1(x), (X,y) — (X, -Y)
0 Inthe y-axis, y= f(=x), (X, ¥) = (-X, ¥)
O In the line y = X, which we dealt with in Inverse functions.

Reflections in the X-axis, y=—f(x)or when a<0

Yy
_ X2 ‘\ *‘ 10 ,4 -"
Example: Sketch f(x)= 5 "-.__‘ ‘l! ! ," /
1 NS ;’J;”:
Here a=—— I\"\.\\ /i
2 ey o \ =7 ST
The graph is reflected in the x-axis and dilated by a factor of 1 from X-axis.| Y | , *
/ | \
ol )

Reflections in the y-axis, y = f (-x)

Example: Sketch f(x)=x’+3, f(-x) and — f(-X).

f(=x)=(-x)’+3

=X +3

—f(=x)=—(-x*+3)
=x’-3

=

GeoGebra 24 Cubic Function Transformation.ggb

— f(—=x) is areflection in both X & Yy axes.



For each of the following
graphs of y = f(x), sketch:
@) y=-1()

(i) y = f(=x)
(1) y=—1f(-x)

(a)

(iii)
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Reflections Worksheet #2
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For each of the following
graphs of y = f(x), sketch:
@ y=-1(x)

(i) y = f(-x)
(i) y =—f(-x)
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Translations

e There are two types of translations:
0 Along the direction of the x-axis : f(x)=f(x—=b); (x,y) —» (x+b,y)
0 Along the direction of the y-axis: f(X)=f(X)+C.(x,y) = (X,y + C)

1. Along the direction of the X-axis : f(x)=f(x-b)
o Sketch the graph of f(X)=(x+4)". 1
e Translation of 4 units in the negative direction of the X-axis. , IV

=

GeoGebra

o Sketch the graph of f(x)=(x—-2)"
o translation of 2 wunitsinthe positive direction of the X-axis. y

=

GeoGebra

2. Along the direction of the y-axis: f(x)= f(x)+c . :
o Sketch the graph of f(x)=x>+4 " '
o translation of 4_units in the positive direction of the Y-axis.

=

GeoGebra

“Repeated Factor Squared”
« Consider the function f(X)=(x+3)(x—2)’

e The X — intercepts are -3 and 2
e (2,0)is also a Turning Point
o “A repeated factor squared is both an X —Intercept and a Turning Point”

=

GeoGebra




Repeated Factor Cubed”

« Consider the function f(x)=(x+1)*(x—4)

e The X — intercepts are -1 and 4

e (-1, 0) is also a Point of inflexion

e “A repeated factor cubed is both an X —Intercept and a Point of Inflecti

=

GeoGebra i
e Ex4AQ1,3;Ex3AQ7ab; Ex3BQ 1la; ]
e Ex3CQI1;Ex3DQ la; Ex3E Q2 abe, 3 bc '

Transformations Summary f(x)—af (n(x-b))+c or (x,y)— (5 +b,ay + cj
n

Example 1: State the transformations from f(x) to y=-2f(3(x+4))-1.

A dilation of factor of 2 from the X — axis and a factor of % from the y - axis, followed by a reflection

in the X — axis, then a translation of 4 units in the negative direction of the X — axis and a translation
of 1 unit in the negative direction of the y — axis.

Example 2: Describe the transformations undergone by y =log, X to y =1-3log, (2x-38).

y=1-3log,(2x—8)=-3log,(2(x—4))+1
A dilation of factor of 3 from the X — axis and a factor of % from the y - axis, then a reflection in the

X- axis, followed by a translation of 4 units in the positive direction of the X — axis and a translation
of 1 unit in the positive direction of the y — axis.

Example 3: Write the equation of the rule when y = x* is transformed by:
e atranslation of 1 unit in the positive direction of the X — axis and 2 units in the positive
direction of the y — axis, followed by,
e adilation of factor of 2 from the y — axis, followed by,
e areflection in the X — axis.

) x Y X Yoo (X ) (1 o)
= ((x-1) +2):»(5—1) +2:—((5—1) +2J..y— (2 1) 2 or y= (2(x 2)) 2

! 2 - X_ e[ X _f[ Xoq]-
y=-30x=27-2 or  f(0>f(x 1)+2—>f(2 1)+2—> (f(z 1j+2j—> f(z 1) 2

Exercise on Sequence of Transformations
1. State the sequence of transformations that each of the following functions have undergone from Y = f (X).

(a) y=3f(=2(x+3))+4. (b) y=0.5F(3(x-2))+1
(©) y=2f(-0.4(x+3))-0.2 (d) y=2-3Ff(2x+1)

2. Describe the transformations undergone by each of the following functions to produce the
second function.

(a) y=log,x to y=4log, 2(x+3)-5 (b) y=ﬁ to Yy=243X+4+5
(c) y=cosX to y:—3cos(2x+%j+1 (d) y=x° to y=3(2x+5)°* -2

(e) y=sinX to y=2sinz(3x—4)



Ex4E Q 1,2,3,4; Ex3A Q7d; Ex3BQ 4; Ex3C Q 2b,4a; Ex3D Q4d; Ex3E Q la; Ex4FQ 1,
2,3,4,5,6



Determining a Rule for a Function from a Graph

o Worksheet — Matching Graphs to their rules
Match the following graphs with the correct equation:

(b)

(d)
(e) R ®
A y=x(1-x) B: y=x(1-x°) C: y=x*(x*-1)
D: y=x*(1-X) E: y=x(x*-1) F: y=x*(1-x%)

| (@B, (b)=D,(©)=F,(d=E,(©) = A, (H=C)

o Example: Find the rule for:
We know the turning point:(2,3).. y=a(x—b)* +c
y=a(x—2)"+3
y—int:(0,11)=>11=a(0-2)>+3
11=4a+3
8=4a
2=a Ry A
Y =2(Xx-2)"+3 1

ory=2x>-8x+11




Example

: Find the rule for:

We know

Use (0,—6) = —-6=a(0+1)(0—4)

the x—ints:(-1,0),(4,0).. y=a(x+1)(x—4)
—6=a-1--4
—-6=-4a

“=a
2

Ly= %(x+l)(x—4)

Graphical Calculator can be used for this example.

(0]

O OO

Example

Insert Lists & Spreadsheet

X-values — Listl

Y-values — List2

Regression — Menu — Statistics - Calculations

: Find the rule for: (1, -1) on curve.

This is a quartic.

Point of inflection at the origin, therefore a repeated factor cubed, X’
-intercept at (2,0)

Also an x

y=ax’(x—2)

(1,-1)
—1=a(l)
-1=-a
I=a

'(1-2)

Ly =X (X=2)

Example

: Find the rule for:

y=a(x—1)(x+3)>
(0,-9) .. -9 =a(0-1)(0+3)°
—l=a=y=—(x-1)(x+3)
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e Ex4AQ38,9;Ex4BQ 1,2,3,4,7,8,9;Ex4GQ 1,3,4,5,6,7, 8; Ex3G 3,4, 5, 6, 7ab, 8,9




Transformations of f(x)=x";p=-1-3,...

. —a;ﬁc or af(n(x—b))+c

x* " (n(x=Db))

GeoGebtra 8 Hyperbola Function Transformation.ggb
Examples: Sketch the graph of:

2 1 4
o () fF(X)== i) f()=— i) f(x)=——
(iv) f(x):i (v) first show that f(X)=———is equal to f(x):i_3 .
2-x X+2 X+2 L on
(i) 4;
‘ dilation of factor of 2 from the X-axis: "

la=2,-2f(0)|

(if)

dilation of factor % from the Xx-axis:

A

1 1
a=—,>—f(x
AR

(iii) . )
A dilation of factor 4 from the X-axis and a translation of 2 units to the 1:-
right (positive direction of the X-axis): of
Note: the vertical asymptote also moves 2 units to the right. :
x=0
Y-intercept: 4 4

=—=———2

0-2 -2

a=4&b=2,—4f(x-2)




(iv)

4 4
-X+2 —(Xx=2)
dilation of factor 4, a reflection in the y-axis and a translation of 2 units to the
right (positive direction of the X-axis):

re-write the function: f(X)=

Note: the vertical asymptote also moves 2 units to the right. Y-Intercept: y =2

a=4,b=2&n=-1->4f(-(x-2))




i f(x):—3x—3:—3(x+2)+3:—3(x+2)+ 3 3

X+2 X+ 2 X+2  X+2 X+2

A dilation of factor 3 from the x-axis, a translation of three units in the negative direction of the Y-
axis and a translation of 2 units in the negative direction of the X-axis:

=0
y3 X=0
—2 __3=0 3
X+2 y=—-—-3
3 0+2
Intercepts: ——=3 3
X+2 y=—-3
3=3(x+2) 23
1=x+2 =—
y 2
—-1=x
a=3,b=-2&c=-3->3f(x+2)-3 j it
P -8
-10-
- E

Ex3A Q 2, 3 aefghk, 4, 5 be, 8b; ExX3B Q 1, 5 ab, 7 Ex3D Q 4 c; Ex3E Q 4af; Ex3F 1 abef, 2
dgij, 3,4, 5 ab

« Hint Ex 3F Q4
_Ax+5_22x43)-1_, |
2x+3 2x+3 2x+3
e Or synthetic division
5
2X+—
o y=PXFS T2 it (divide all terms by 2)
2X+3 3

X+



o Transformations of f(x)=x";p=-2,-4,..

1 a
e ——>————+c¢C

x"  (n(x-b))”

&

GeoGebra 9 Tryncus Function Transformation.ggb
o Examples: Sketch the graph of:

. 3
o (i) f(x)— (i) f(x)— v (iii) f(x)—( ) (iv) f(x)= ( ) (V) f(x)—( 2) -
(i) ;
dilation of factor of 2 from
the Xx-axis:
Ho—= X
. 1 +
it g(x) = - f(X)=2g(x)
T 2 P 1
3 23 Note: g(x)=—
(i) X
o 1 x 1 | .
dilation of factor — from B —0g(X)=——; dilation— from x-axis
2 2 2X 2
the X-axis: i 9(2x)=——; dilation 1 from y — axis
X) 2
1 1 g
if h(x)= el — f(X) :Eh(x) i
3 ?"} : \“1' > X 5:“.: ;
(III) -4 -2 ¥ 2 4
dilation of factor 4 and a v
translation of 2 units to the right (positive direction of the X-axis): il
Note: the vertical asymptote also moves 2 units to the right. il
x=0 i1
24/
Y-intercept: 4 4 4
P y= 2 = r=—=1 i ——""/
0-2F ~(2f 4 P
P
o




if g(x):L — f(x)=4g9(x-2)

X2
(iv)
dilation of factor 3, a reflection in the X-axis and a translation of 2
units to the left (negative direction of the X-axis):
Note: the vertical asymptote also moves 2 units to the left.
-3 -3

Y-Intercept: Y=—5=
PEY =02 4

if g(x):% — f(X)=-39(x+2)

(v) dilation of factor 3, a translation of three units down (negative direction of the y-axis) and a
translation of 2 units to the left (negative direction of the X-axis):

y=0
S 320
(x+2) —
3 6
=3 yo 3 3 T
(x+2) (0+2) 4T
Intercepts: 3=3(X—|—2)2 3 \.-2"__2
2 y=—-3 :
1=(x+2) 4 414
tl=Xx+2 y:_9
X=-3-1 4 | 4]
1 b &l
if g(x)=— — f(X)=3g(x+2)-3 § ¥
X i10
¥

e Ex3A Q 3 bcij, 5cd, 7c, 8a; Ex3B Q 2, 5d, 6, 10 ae, 11 bde; Ex3C Q4 cd; Ex3D Q Ic, 4 efg, 6
Ex3E Q 1Db, 2 cd, 3a, 4bc; Ex 3F 1 cdg, 2h, 5¢

>




P
Transformations of functions of the form f(x) = x“

GeoGebra 5 Power Functions Transformation.ggb

p p

e x* sa(n(x-b))s+c OR x* —ay(n(x-b))’ +c

e Ex3AQ6, 7¢, 8c; Ex3B Q 3, 5¢, 8,9, 10 bed, 11 cfg; Ex 3C Q 2a, 3, 4 befg; Ex3D Q 1b, 4b, 5,
7, Ex3E Q 1, 3 de, 4de ; Ex3F Q 2 abcef, 5 def



Determining rules for f(x)=x"

a
Example: It is known that the points (1, 5) and (4, 2) lie on a curve with the equation y=—+b.
X

Find the values of @ and b .

Solution:

Whenx=1,y=5=5=a+b (1) E

Whenx=4,y=2=2= %+ b (2) unsOlve({S:"**' b {an }) {41}
S5=a+b
subtract (2) from(1): 3 :%a |
sa=4
substitute in (1):5=4+b
b=1
y=i+b
X

Example 2: It is known that the points (2, 1) and (10, 6) lie on a curve
with equation y=a+/X—1+Db. Find the equation.

Solution:
(2,1): 1=ay2-1+b
I=a+b Q)]
10,6): 6=ay10-1+b
6=3a+b  (2)
Subtract (1) from (2): 5=2a
a=>
2

substitute in(1): 1= % +b

b=-2
2

= y:%dx_]_% or yzs—“l_3

X —
2

e Ex3HQ1,2,3,4,5,6,7,8



Transformations using Matrices:
o (x',y') is called the image of (X, y).
o the transformations are written as follows:

T e

translations

2x2 matrix
dilations/reflections

e You can have more than one dilation/reflection matrix.
e Remember: multiply rows by columns, add/subtract elements in the same position.
o The transformation matrices are:

Reflection in the x-axis

{1 0} (%)= (x~-y)

0 -1 FO)—>-1(0)
Reflection in the y-axis {_ : 0} (X’ y) — Xy
0 1 FX)— (=%
Reflection in the line y=x 01 (X, y) — X
|1 0] f(x)—> f(y)
o . 1 0] (x.y) > (x.ay)
Dilation of factor a from the x-axis 0 a £ (x) — af (%)
[ . r 7 (X’ y) - (kX, y)
Dilation of factor k from the y-axis k 0
(note n = 1/k) 10 1] f(x) > f(%)
b (X,y)—= (x+b,y+c)
Translation Matrix (add) L} F(x) > f (X B b)+ c

Example 1: find the image of the point (2, 3) under:
a a reflection in the x-axis b a dilation of factor 4 from the y-axis

o L MERH

=(23) > (2,-3) = (2,3) > (8,3)

Example 2: Consider a linear transformation such that (1,0 ) — (3, -1) and (0, 1) — (-2, 4). Find the
a bj1 3 a bjo -2
= and =
c djo -1 c df1 4
=
-1 4
X' 3 -2|-3 —-19
= = = (-3,5) > (19,-23)
y' -1 415 23

image of (-3, 5)




2 0
Example 3: A transformation is defined by the matrix {O 3} . Find the equation of the graph of

y =sin(X) + X, under this transformation.

Solution:
1. Write the dilations in terms of X' 12 0]x
matrices y'l o 3]y
2. Multiply matrices X' [2xx+0xy| [2X
y'| [0xx+3xy]| |3y
3. Determine the result in terms of X’ and | X'=2X y'=3y
y’& rearrange to make X and y the X y'
: : ==X =
subject of each equation. 2 3
4. Sub each into the original equation. Yy sin( ﬁ) X
3 2 2
5. Rearrange to make y’ the subject : (x'j 3x'
y'=3sin| — [+—
2 2
6. Then drop the : (xj 3x
y =3sin 5 +—

Example 4: A transformation is described by the matrix equation A(X + B) = X’, where

o 3l

Find the image of the straight line with equation y = 2X +5 under this transformation.

AX+B)=X'
By (WEHIE
+ =

2 0 y 2 Ly

0 -3 x+1___x

{2 o}{yu___y'
S3y+2)] [x
{2(x+1)_ Ly

!

!

~

=>X=-3(y+2) & Yy =2(x+1)

!
!

y:i_z & X:l—l
3 2

Sub.into y =2x+5...
i-z:z[l—l}rs
3 2
- X'
¢:__5
y 3

Ex31Q1,3,4,6,7,8,9,10, 11, 13,15, 16



Transformations of standard graphs

f(x) Parent Graph af (n(x-b))+c Example

ax+cC

a(n(x—b))* +c

ax=m)(x-n) ax’ +bx+c

a(n(x—b))’ +c

a(n(x-h))*+c

lor X! 0 & 5 -17\ 2 4 5 8 a tc
X 4 .ulr.l’f".'.'rllllh'J.'.JllII\M‘--\‘L' n(X — b)




Vertical Asympiote
x o

a

Vertcal Axymyptate
b

Hurizemtal Anmplote
¥e=c

1 _ 0 & & 4 - 2 4 5 8
—ZOFX2 2] —2+C 2 4 & 8 &
-4
. C | (e-b)
-10
al
i
4l
1 2] (B}
— 2 4 ———— -y
2 I aﬂn(x—b)-l—c 0 8 & 4 2 | 2 4 & 8
X<or \/; At | piowe 27
B +7
sl .55
-105 #7
«9or Yx? See below ai/n(x-b)* +c See below
¥ Intercept i (1,8
(0.1) T
e R ae"*® 4 ¢ R T R A5 R W R TR
47 Horizousal Asymprate 21
51 G i | f!r--r.'w-m-’.hw.l'mn.-
-a-: :
10+ 04
: y intercept
e s
o e 5 + 2 .2 4 8 8 | sl e .
m” % _ am ") 4 ¢ '
! Ha tial Asympn
8
.m.z

log, X

alog,(n(x—Db))+c




log,, X

Vstical Asymplote
x=0

alog,,(n(x—b))+c

T

sin X

asin(n(x—h))+c

cos X

-4 acos(n(x—h))+c

tan X Y +/ atan(n(x—h))+c




Example graph

Equations
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VCAA EXAM QUESTIONS for TRANSFORMATIONS
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Question 8

A x=3, y=2

-3
The graph of the function /- D — R, f(x)= % where D 15 the maximal domam has asymptotes
1

i x—3 (x=3) (x=2-1} |
B. x--2. y- Q8 f(x)= = _| _ _| = _[ 1—
Cc x=1  y=-1 2—x -2 v—2 LooX
D. x=2, y=-1
r=2 y= = —1.+¢ S X=a4, =—1.
E x=2 y=1 1. Asymptotes: y=2, 3 1
x—2
Question 2 4
On the axes below, sketch the graph of /- R\{-1} = R, f(x)=2 T
. : X
Label all axis intercepts. Label each asymptote with its equation.
Question 2
Marks 0 1 2 3 4 Average
% 13 8 7 15 57 31
¥
[
4l
- N
y=1 o
— wnam ey eapr ol gun 0 n .
A -3 2 A 1 2 3
;//,
.2.‘,:
/-4
x=-1 &
This question was generally well done with most students recognising a hyperbola. Students should label asymptotes
and/or axial intercepts. In this question students sometimes gave the wrong intercept (x = 3 was comumon), extra
intercepts or no horizontal asymptote.

2009

Question 2
At the point (1, 1) on the graph of the function with rule y = (x — 1)* + 1
A. there is a local maximum.

(=3, 0). The maximum value of the derivative function is 10.
The value of x for which the graph of y = f(x) has a local maximum 1s
A 2

B. 2
c. 3
D. 3
1
E_ —
2

B. there is a local minimum Q2
C. there 1s a stationary point of inflection.
D. the gradient is not defined. T
E. there is a point of discontinuity.
Question 21

A cubic function has the rule y = f(x). The graph of the denvative function f' crosses the x-axis at (2. 0) and

Q21 f'(x)=alx—2)(x+3) is a quadratic function. For it to
have a maximum value, a < 0.

A f’[-\r}
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Question 3
a. Consider the function f* R — R, f(x) =4 + 5x—9.
i. Fmd f'(x)

ii. Explam why f'(x) = 5 for all x.

1 +1=2 marks

b. The cubic function p is defined by p: R — R, p (x)=ax>+ bx’ + cx+k, where a, b, c and I are real numbers.
i. Ifp has m stationary points, what possible values can m have?

ii. Ifp has an inverse function, what possible values can m have?

1 +1 =2 marks

c.  The cubic function g is defined by ¢: R = R, g (x) =3 — 2x°.
i. Write down an expression for g~1(x).

: f(x)=5 forallx.

Q3bi Possible plx

2

ii. Determine the coordinates of the point(s) of intersg

[ 3—x |

y=1. The point of intersection is {'1,1]‘

Q3ai f(x)=4x" +5x-9, fl(x)=124"+5

Q3aii Since x> 20 forallx,.: 12x* >0,

c12x2 +520+5,

m=2

Q3bii The first two cases (m =0 and m=1) above are one-to-
one functions, .: each has an inverse function.

Q3ci Let glx)= 3-2x = v, the equation of the inverse is

(Q3cii At the intersection y=x, . _r=3—2_r3,,: x=1 and

2+ 2 =4 marks




d. The cubic function g is defined by g R — R, g(x) =x* + 2x? + cx + k. where ¢ and k are real numbers.
i. If g has exactly one stationary point. find the value of ¢.

ii. If tlus stationary point occurs at a 2
vatue of . ,:mEHMMnmymatr=—E,

» 4
: .\r'jL +2x° +;.r +k=x.

3
__‘ +2 -
\

'\ /

Y

+k=—g“:k
J 3

240
+—|-=
;3 3

\
"

E..
3

For g’(x)=0 atexactly one point, A=4>—4(3)c=0,.: ¢ =%

Q3di glx)=x"+2x7 +ex+k, 2lx)=3x" +4x+c

Q3dii glx)=x +2x° +%x +k . Let g'(x)=23x" +4.r—%=0,

At the intersection of y= g(x) and y=g¢ '(x), y=ux,

10
27

3+ 3=06marks

Total 14 marks
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Question 8
The function f: R — R. f(x) = ax? + bx? + cx. where « is a negative real number and b and ¢ are real numbers.
For the real numbers p < m < 0 <n < g, we have f(p) =f(g) = 0 and f(m) =f'(n) = 0.

The gradient of the graph of v = f(x) is negative for

A
B.
C
D

E.

Question 16

The graph of a cubic function f has a local maximum at (@, —3) and a local minimum at (5. —8).

3<c<8§
c>-3orc<-8
83
c<3orc>§
c<-8

A (7 o, m) (1. oc) Question % A % B % C %D %E ::s“::r Comments
B. (m.n) The gradient of the graph of y = f(x)is negative
C. (p_ 0) U (g. ©) ifor (m m) w (. ac:! . There 15 a local minimum af]
D. (p.m)w(0,q) 8 & 1 18 4 4 L ;Eigl?:eilllldpaﬂkl?)ll12??::;:1?2;0521613Ti011 C.
E (p. q) (p. 0)wi(g. =) . This is when the graph of

v = f(x)is negative.

The values of ¢. such that the equation f(x) + ¢ = 0 has exactly one solution. are

16

13

17

34

The local maximum will be touching the x-axis
vhen ¢ = 3, giving two distinet solutions. So if
< 3 there will be one solution. The local minimum
wvill be above the x-axis when ¢ > 8. Hence ¢ < 3 or
= 8.
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Question 1

The point P (4. —3) lies on the graph of a function f. The graph of f is translated four units vertically up and
then reflected in the y-axis.

(4.1
(—4.3)
(0.-3)
(4.-6)
(4.-1)

The coordinates of the final image of P are

Ql (4,-3)—=(41)—(-4,1)




Question 12

The transformation 7 : R* — R* with rule

A D

maps the line with equation x— 2y =3 onto the line with equation

A x+y=0 / ;_ 1 . .
LAy = x| —-X+ X . v +2
B xtdy=0 Q2 7| " |- =% |, x=1-x and y="
C. —«x-y=4 Lyl [2y-2 ¥
D. x+4y=-6 cx-2y=3—=-x—-y'=4 C
E. x—2v=1
Question 5 (13 marks)
Let j':R—)R,f(.r]:{x—B)(x—l](_r3+3)andg:R - R, g(x)=x"-8x
a.  Expressx’ —8xin the form x(.r—u]((.r-%—b)z +r_') . 2 marks
b. Describe the translation that maps the graph of y= f(x) onto the graph of y = g(x). 1 mark

Q5a g[.r]= x'—8x= Jr(.wr1 -2 _]= x(x— 2]{.1(3 +2x +4)

— xlx—2)x? + 20+ 1-1+4)= xx—2)(x +1)* +3)

Q5b Translate the graph of y = f(x) to the left by 1.

g(x)=flx+1) =(x+1-3)x+1-1)(x+1)* +3)

c.  Find the values of d such that the graph of ¥= f(x+d) has
i. omne positive x-axis intercept

= x(x=2)l(x+1)? +3)

Q5ci y=flx+d)=(x+d-3)fx+d -1)(x+d)* +3)

For one positive x-intercept, d —1>0 and d-3<0

cd=zland d<3.,ie. 1=d<3

ii. two positive x-axis intercepts

Q5cii For two positive x-intercepts, d —1<0 and d -3<0,
scd<land d<3,..d<1

Qsd

d.

Find the value of » for which the equation g(x)=n has one solution. ; " n * +

The graphs of y= g(x)=x*—8x and y=n intersect at one point
when y=n isatangentto y= ¢(x) at its minimum turning point.
glx)=4x"-8

1
3

Let g'(xJ:O,,: x=2°%,

N
n=g[ 23 I|=—6><2




e.  Atthe pomnt (u, g(u)), the gradient of y =g(x) is m and at the point (v, g(v)), the gradient
1s —n, where m 1s a positive real number.

i. Find the value of & +1°. : , ; 3 +
o rmdfevaue ot Qsei At (u,g(u)), ¢'(u)=m,.: 4u’ =8 =m where me R

At (v,g), gv)=—m,.: 4’ -8=—m
A+ 4 -16=0, 0 +v =4

QSeii Solve u’ +v’ =4 and u +v=1 simultaneously by CAS.
Given g'(u)=m is positive, and g'(v)=—m is negative, .: u > v

1+45 _l—-'E
2 2

Hence u = and v=

ii. Fndwandvif u+v=1

f. i. Find the equation of the tangent to the graph of y =g(x) at the point (p. g(p)). 1 mark

ii. Find the equations of the tangents to the graph of y = g(x) that pass through the point
with coordinates [%,— IEJ - 3 marks

Qsfi glp)=p*-8p. g'p)=4p>-8
Equation of the tangent: y— ¢(p)=g"(p)(x—p)
v=Ip*-8p)=(ap’ -8)x-p)

. }‘=(4p: —8_}]’—31'?4

Qs5fii Equation of the tangents: y = {4p3 - 8]1 -3p°

The tangents pass through ‘%,—12 L —|2=(4p1—8)%—3p4

2 3p°(p-2)=0,.: p=0or p=2
The tangents are: y=—8x and y=24x—48
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Question 3

:
:

v

The rule for a function with the graph above could be
A y=2@+b)E—-0)’x-d)

The rule for the graph is in the form
f(x)=alx—b)(x—e)(x—d) , where
@ is negative and could be 2.

F)=—2x—b)x—c) (x—d)

D. dilation by a factor of 8 from the y-axis.

1
E. dilation by a factor of - from the y-axis.

= 20x + B)x — ) x —
B. y=2x+hk-cyx-d) 61 14 20 4 is negative; for example if 5=-2, the
C. y=20-bx-x—d) factor is (x—(-2))=(x+2).
D. y=2(x-Bx-o)(x-d) Most students chose option A,
5 y=—2(x+b)(x—c)(x—d), but the
E y=20x-Dx+o)x+d factor (x + b) is incorrect.
Question 11
The transformation that maps the graph of y=+8x” +1 onto the graph of y =vx* +1 isa
1 1 r o 7 1y A%l
A. dilation by a factor of 2 from the y-axis. R e R
B. dilation by a factor of 2 from the x-axis. [The graph of v, has been dilated by a
o 1 . factor of 2 from the y-axis to get the
C. dilation by a factor of 5 from the x-axis. 1 24 7 7 32 29

raph of y,.

[This can be shown by sketching the
lgraphs of both functions. For example,
he point with coordinates (1, 3) is
l:ransformed to (2, 3).

Question 17

The set of all possible values of c 15

A graph with rule f(x) = x —3x% + ¢, where c is a real number, has three distinct x-intercepts.

A R

B. R

Cc. {0 4}
D. (0,4)
E. (—= 4
Question 20

If fx-1) =x?—2x+3, then f(x) 1s equal to
2
A x-2

B. ©+2

C. FP-2+2
D. ¥ -2x+4
E. Z—4x+6




